Abstract. The optimal portfolio selection problem under inflation risk is considered in this paper. There are three assets the economic agent can invest, which are a risk free bond, an index bond and a risky asset. By applying the martingale method, the optimal consumption rate and the optimal portfolios for each asset are obtained explicitly.
Introduction
The inflation risk affects the financial investment, especially bond trading. In spite of the importance of considering the inflation risk on investment, there are not much attention to incorporate the risk into financial activities such as portfolio choice. The most difficult part is the fact that the inflation risk is non-hedgeable risk in real world. Although the inflation risk is undiversifiable, Kothari and Shanken [4] shows that the index bond could be the instrument to hedge the risk so we can make the financial market complete by introducing the index bond in market.
We attack Merton's model [5, 6] under inflation risk where there are risk free bond, index bond, and risky assets in market. Differently from Brennan and Xia [1] , Munk et al. [7] and Gong and Li [2] , we apply the martingale approach to get the value function and the optimal values. Gong and Li [2] uses DPP(dynamic programming principle) to get the value function for classical merton's problem under inflation risk and subsistence constraints. Their uncertainty sources from risky asset and inflation risk, however, are same so it is possible to apply DPP with one state variable. Brennan and Xia [1] and Munk et al. [7] consider the portfolio selection problem in stochastic environment including inflation risk and also apply DPP to derive the optimal policies. This paper is organized as follows. Section 2 and Section 3 explain a financial market setup and objective function we want to maximize by choosing consumption and investment. Section 4 gives the optimal policies and value function explicitly.
Financial market
There are three kinds of assets in the financial market, which are risk free bond, index bond, and risky asset. The risk free rate is a nominal interest rate given by R > 0 and the risky asset follows the geometric Brownian motion with constant drift µ s and constant volatility σ s . Furthermore, the price process is also supposed to evolve
where µ p and σ p are constant coefficients and W 1 t is the standard Brownian motion under the probability space (Ω, F, P). Then the risk free bond B t , index bond S 0 t , and risky asset S t evolve respectively
where r is a constant real interest rate and W 2 t is also the standard Brownian motion under the measure P, which is independent of W 1 t . 1 Let's denote a feasible consumption rate and the portfolio ratios for each asset by c t , π 0 t , π 1 t and π 2 t respectively. Furthermore, they are assumed to be F t -progressively measurable and satisfy
Then the nominal wealth processX t is unfolded by
and the inflation adjusted wealth process X t is characterized by 1 It can be assumed that the Brownian motions W 1 t and W 2 t are correlated with certain correlation. The correlated Brownian motion can be decomposed by two independent Brownian motions, however so that our method can also be applied.
To make the dynamic wealth process as static constraint, we introduce the equivalent martingale measure Q generated from the following exponential martingale process
where
. Under the measure Q, the standard Brownian motions are redefined by,
Therefore, under the new measure Q the inflation risk adjusted wealth process becomes
We can verify that under the equivalent martingale measure, the risk adjusted wealth process is the wealth process with real interest rate only. In other words, the real interest rate is the only factor for saving under the new measure. If we define the pricing kernel as H t = e −rt ξ t , it is well-known that the wealth dynamics (2.1) is transformed to
Optimization problem
Our object function is the expected utility maximization by choosing consumption rate and portfolio ratios. In this paper, the agent's preference is supposed to be defined by CRRA(constant relative risk aversion) utility function. With a risk aversion γ(γ > 0, γ = 1), the utility function is expressed as u(c t ) = subject to the wealth constraint (2.2). The agent's optimal choice variables are consumption rate and investments for index bond and risky assets. Then the savings are the remaining wealth after investing and consumption.
To apply the duality approach, we introduce the Lagrange multiplier λ > 0 so that the dual value function is defined by
Since the CRRA utility function is concave and non-decreasing and has derivative function which is continuous, positive, and strictly decreasing, there exists the continuous inverse function I : (0, ∞) → (0, ∞) of u (·). Then the convex dual of a utility function u(·) is the function
and it is easily checked that
for the CRRA utility function. The optimal consumption rate is determined while constructing the dual value function and the inverse function is directly related to the optimal consumption rate.
If we confirm the dual value function, the value function of the original problem is given by the relation obtained from finding the minimizing multiplier λ. Lemma 
When the dual value function is given by the equation in (3.2), the value function of the primal problem is determined by
Proof. See Karatzas and Shereve [4] .
While finding the optimal λ * , the optimal wealth is determined and its dynamics can also be characterized. Thus the optimal portfolios are given by comparing with the wealth dynamics in (2.1).
Main results
From the duality, the agent's maximization problem can be resolved by deriving the dual value function first.
Proof. The dual value function is characterized by
The second equality comes from substituting the optimal consumption rate which is
and the third equality is the case for CRRA utility function. Let's denote the conditional expectation of the last equation at time t by
where y t λe βt H t and has differential form of
Then by Fynmman-Kac's formula, the function φ(t, y) should satisfy PDE(partial differential equation) generated by dy t ∂φ ∂t
If we suggest the separable solution as φ(t, y) = e −βt v(y), the PDE is reduced to the ODE(ordinary differential equation) for v(y): 1−γ) . Accordingly, the dual value function is derived by
